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Abstract. α- and β-divergence based nonnegative tensor factorization (NTF) is 
combined with nonlinear band expansion (NBE) for blind decomposition of the 
magnetic resonance image (MRI) of the brain. Concentrations and 3D tensor of 
spatial distributions of brain substances are identified from the Tucker3 model 
of the 3D MRI tensor. NBE enables to account for the presence of more brain 
substances than number of bands and, more important, to improve conditioning 
of the expanded matrix of concentrations of brain substances. Unlike matrix 
factorization methods NTF preserves local spatial structure in the MRI. Unlike 
ICA-, NTF-based factorization is insensitive to statistical dependence among 
spatial distributions of brain substances. Efficiency of the NBE-NTF algorithm 
is demonstrated over NBE-ICA and NTF-only algorithms on blind decomposi-
tion of the realistically simulated MRI of the brain. 

Keywords: Nonnegative tensor factorization, nonlinear band expansion, mag-
netic resonance image, multi-spectral image. 

1   Introduction 

Blind or unsupervised multi-spectral and hyper-spectral image (MSI&HSI) decompo-
sition attracts increased attention due to its capability to discriminate materials present 
in the MSI/HSI without knowing their spectral profiles [1]. For the purpose of blind 
decomposition, MSI is commonly represented in a form of the linear mixture model 
(LMM), whereupon vectorized version of the MSI is modeled as a product of the 
basis matrix, also known as spectral reflectance matrix, and matrix of vectorized spa-
tial distributions of the materials present in the MSI, [1,2]. Magnetic resonance image 
(MRI) samples are images acquired by pulse sequences specified by three MR tissue 
parameters, spin-lattice (T1) and spin-spin (T2) relaxation times, and proton density 
(PD), [3,4]. Although MRI has different physical interpretation than MSI, it can also 
be represented using LMM, [3], and an analogy can be made with the three spectral 
MSI, such as red-green-blue (RGB) image, [5-7]. Here, basis matrix is interpreted as 
matrix of concentrations of the brain substances and source matrix represents vector-
ized spatial distributions of the brain substance present in the MRI. Each of the three 
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modalities of the MRI is designed for enhancing contrast of specific substance: PD for 
gray matter (GM), T1 for white matter (WM) and T2 for cerebral fluid (CF). Yet, each 
modality image still contains visible remnants of other substances, [3,4]. This appears 
to be especially true for PD image. Therefore, there is a need for additional (blind) 
post-processing (decomposition) of the acquired MRI.  

Thanks to equivalence of the representations, advanced algorithms developed for 
the MSI data analysis can in principle be used for MRI analysis as well. In this paper 
we are particularly interested in blind decomposition methods due to their capabilities 
to estimate concentrations and spatial distributions of the brain substances having at 
disposal acquired MRI only. A standard tool for the solution of the related blind 
source separation (BSS) problem is independent component analysis (ICA), [8], 
which is based upon assumption that spatial distributions of the brain substances are 
non-Gaussian and statistically independent. However, as shown in [9,10], statistical 
independence assumption is not fulfilled for the hyper-spectral and multi-spectral data 
due to the fact that sum of the materials present in the pixel footprint must be con-
stant. Thus, materials must necessarily be statistically related. Violation of statistical 
independence assumption is greater when dimensionality (number of spectral bands) 
of MSI is low, [6], which is also the case with 3-band MRI. Therefore, an algorithm 
for blind decomposition of the MRI the performance of which does not depend on 
statistical relations among brain substances is of great interest.  

One avenue of research is related to algorithms that rely on sparseness between 
spatial distributions of the brain substances. The sparseness assumption implies that 
only small number of substances occupies each pixel footprint. Sparseness-based 
methodology has been applied in [5] for the purpose of blind decomposition of low-
dimensional MSI and it is known as sparse component analysis (SCA), [11]. In this 
paper we rely on tensor representation of the MRI. As opposed to matrix representa-
tion, employed by ICA, SCA and/or nonnegative matrix factorization (NMF) algo-
rithms, tensor representation preserves local spatial structure in the MRI. The main 
contribution of this manuscript is new method for blind decomposition of the 3-band 
MRI of the brain that combines nonlinear band expansion (NBE) and nonnegative 
tensor factorization (NTF). NBE has been used previously for blind MRI decomposi-
tion in combination with ICA in [3], and for blind MSI decomposition in combination 
with ICA and dependent component analysis (DCA) in [6]. NTF has been also used 
recently in [7] for blind MSI decomposition. We are unaware of previous combined 
application of NBE and NTF for blind MRI or MSI decomposition. NBE-NTF de-
composition brings two improvements in relation to matrix factorization decomposi-
tion schemes: (i) NBE enables to account for the presence of more brain substances 
than number of bands, [3], and, more important, to improve conditioning of the ex-
panded matrix of concentrations of brain substances. This is important for contrast 
enhancement between substances with similar concentration profiles. This has been 
used in [6] for robust blind decomposition of the low-dimensional low-intensity 
multi-spectral fluorescent image of the basal cell carcinoma; (ii) unlike ICA-, NTF-
based factorization is insensitive to statistical dependence among spatial distributions 
of brain substances. 
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2   Theory and Algorithm 

2.1   Magnetic Resonance Image and Linear Mixture Model 

In analogy with MSI, MRI is represented in a form of matrix-based LMM [1-4]: 

            (3) ≈X AS      (1) 

where 1 23
(3) 0

I IR ×
+∈X represents 3-mode unfolded version, [12], of the original MRI 

tensor 1 2 3
0
I IR × ×
+∈X consisted of three (T1, T2  and PD weighted) images with the size 

of I1×I2 pixels. Here, 0R + is a real manifold with nonnegative elements. Columns of 
3
0

JR ×
+∈A  represent concentrations of the J  brain substances present in the MRI, 

while rows of 1 2
0
J I IR ×
+∈S represent spatial distributions of these substances. Thus, BSS 

methods can be applied to factorize MRI X(3) for enhancing contrast of the brain sub-
stances, [1,3], in the same spirit as it has been done in MSI analysis, [1,2,5,6]. How-
ever, matrix factorization problem implied by LMM (1) has infinitely many solutions 
unless additional constraints are imposed on model variables A or S in (1). NMF 

algorithms mostly impose sparseness constraints on { }
1

J

j j=
s , while ICA algorithms 

impose statistical independence constraints on { }
1

J

j j=
s . Sparseness constraints imply 

that at each pixel location (i1,i2) only few object exists. In medical imaging applica-
tions where pixel footprint is small it is justified to assume that only one object occu-
pies each pixel footprint. Following described interpretation of the LMM (1), it is 
easy to verify that concentration similarity of the sources sm and sn affects the condi-
tion number of the mixing matrix A. This is because the corresponding column vec-
tors am and an become close to collinear. As shown in [6], in the context of MSI 
analysis, in addition to deteriorate conditioning of the mixing matrix concentration 
similarity between the sources makes them also statistically dependent. Hence, fun-
damental requirement imposed by the ICA algorithms fails when sources have similar 
concentration profiles and this occurs increasingly more often when number of bands 
is small. To relax constraint-based requirements we adopt 3D tensor representation  
of the MRI, whereupon MRI tensor X  is represented in a form of Tucker3 model 
[12-14]: 

    (1) (2) (3)
1 2 3≈ × × ×X G A A A    (2) 

Here, 1 2 3
0
I IR × ×
+∈X , 0

J J JR × ×
+∈G is core tensor, { }3( )

0 1

nI Jn

n
R ×

+ =
∈A are array factors and ×n 

denotes n-mode product of a tensor with a matrix ( )nA . 3-mode unfolded version of 
tensor X  in (2) is: 

   
T(3) (2) (1)

(3) (3) ⎡ ⎤≈ ⊗⎣ ⎦X A G A A    (3) 

where '⊗' denotes Kronecker's product and (3)G  represent 3-mode unfolded core 

tensor G .  In direct comparison between (1) and (3) we arrive at: 
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       (3)≈A A  

   ( )†(1) (2) (3)
1 2 3≈ × × = ×S G A A X A    (4) 

where 1 2
0
I I JR × ×
+∈S represents tensor of spatial distributions of J  brain substances con-

tained in MRI and '†' denotes the Moore-Penrose pseudo-inverse. Thus, NTF-based 
blind decomposition of MRI yields both matrix of concentrations and tensor of spatial 
distributions of the brain substances present in the MRI.  

2.2   Nonlinear Band Expansion 

Although the GM, WM and CF brain substances are of the main interest in MRI 
analysis, possible presence of other substances such as muscle, skin, fat, etc. as signal 
sources can violate the fundamental condition required by majority the BSS methods: 
the number of sources  J  must be less than or equal to the number of measurements. 
In the case of MRI number of measurements equals number of bands that is 3. Thus, 
number of sources most likely exceeds number of bands. To overcome this limitation, 
NBE has been used in combination with ICA to perform blind decomposition of MRI, 
[3]. However, in regard to the NBE there are two important points still missed in [3]: 
(i) in addition to increasing number of measurements NBE also improves condition-
ing of the matrix of the concentrations of brain substances: A. This has been discussed 
in [6] in the context of low-dimensional MSI decomposition and is important for 
enhancing contrast between substances with similar concentration profiles; (ii) after 
NBE, sources in expanded mixture model still remain statistically dependent. This 
deteriorates accuracy of the ICA-based decomposition. To partially neutralize this 
problem, DCA has been used in [6]. Here, we propose combined use of NBE and 
NTF to perform blind MRI decomposition for enhancing contrast of WM, GM and 

CF brain substances. Let { }1 2

3
3

3

0 1

I I
i i

R ×
+ =

∈X be set of original band (T1, T2 and PD) MR 

images. Through NBE we introduce new sets of images, [3,6]: set of auto-correlated 

band images { }
3

3

32

1i i =
X , and set of cross-correlated band images { }

3 3
3 3 3

2,3

1, 1i j i j i= = +
X X . The 

3-mode unfolded version of the NBE MRI is then obtained as: 

              (3) ≈X AS      (5) 

where 1 29
(3) 0

I IR ×
+∈X , 9

0
JR ×

+∈A  and 1 2
0
J I IR ×
+∈S . Thus, original 3-band MRI is trans-

formed into 9-band image containing: 3 original band images, 3 auto-correlated band 
images and 3 cross-correlated band images. We now assume that only one brain sub-
stance occupies each pixel footprint. It is then straightforward to show that extended 

source matrix S  in addition to original source images { }
1

J

j j=
s contains also their 

squares { }2

1

J

j j=
s . Thus, 2J J= .  Now, the BSS requirement J≤3 transforms into 

4.5J ≤ . It is however even more important that A  in (5) is better conditioned than 
A in (1), [6]. This enhances contrast between brain substances with similar concentra-
tions across T1, T2 and PD bands. Due to its insensitivity to statistical dependence 
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among the sources and preservation of the local spatial structure of the MRI, we apply 
NTF-based decomposition on NBE MRI. Therefore, NBE MRI is represented in a 
tensor format using Tucker3 model: 

      (1) (2) (3)
1 2 3≈ × × ×X G A A A    (6) 

where 1 2 9
0
I IR × ×
+∈X , 2 2 2

0
J J JR × ×
+∈G  is core tensor and { }32( )

0 1

nI Jn

n
R ×

+ =
∈A are factors. 3-

mode unfolded version of tensor X  in (6) is: 

   
T(3) (2) (1)

(3) (3) ⎡ ⎤≈ ⊗⎣ ⎦X A G A A    (7) 

where (3)G  represent 3-mode unfolded core tensor G . In direct comparison between 

(7) and (5) we obtain: 
       (3)≈A A  

   ( )†(1) (2) (3)
1 2 3≈ × × = ×S G A A X A    (8) 

where 1 2 2
0
I I JR × ×
+∈S . Improved conditioning of (3)A  is of great importance for increas-

ing accuracy of the NBE-NTF-based decomposition because its pseudo-inverse is 
involved in calculation of the expanded tensor of spatial distributions of brain  
substances S .  

3   Experiment 

MRI used for comparative performance analysis was obtained from the MRI simula-
tor of McGill University, [15,16]. Three MR images of the brain corresponding to 
modalities PD, T1 and T2 are obtained under the following specifications: proto-
col=International Consortium of Brain Mapping (ICBM), phantom name=normal, 
slice thickness=5 mm, noise=0%, INU=0%. Generated volume contained 36 MR 
image slices in Z direction with a size of each slice of 217×181 pixels. We have used 
MRI slice number 13 to demonstrate NBE-NTF-, NBE-ICA- and NTF-based blind 
MRI decompositions. Implementations of Tucker3 α- and β-NTF algorithms, [12,13], 
were based on MATLAB Tensor Toolbox provided at [17]. For ICA-based decompo-
sitions enhanced version (EFICA), [18], of the FastICA algorithm with tanh nonlin-
earity has been used. Efficiency of NBE-NTF decomposition of the MRI image 
against NBE-ICA and NTF decompositions is demonstrated on the synthetic brain 
images as in [3]. Figure 1 shows three simulated MR images of the brain with PD, 

 

 

Fig. 1. (color online). Realistically simulated MRI of the brain from left to right: PD (GM), T1 
(WM) and T2 (CF). 
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Fig. 2. (color online). GM, WM and CF brain substance images obtained by, from top to bot-
tom: NBE and α-NTF blind decomposition with α=2; NBE and β-NTF blind decomposition 
with β=1; NBE and EFICA algorithm with tanh nonlinearity; α-NTF algorithm with α=2; β-
NTF algorithm with β=1. All NTF-based results are obtained after 5000 iterations.  

T1 and T2 modalities. Comparative performance analysis is focused on the spatial 
distributions of GM, WM and CF because they are of actual interest in MRI. Thus, 
Figure 2 shows spatial distributions of GM, WM and CF brain substances extracted 
respectively by: NBE and Tucker3 α-NTF algorithm; NBE and Tucker3 β-NTF algo-
rithm; NBE and EFICA algorithm; Tucker3 α-NTF algorithm, and Tucker3 β-NTF 
algorithm. Combined NBE and Tucker3 NTF takes approximately 5 minutes in 
MATLAB environment on PC running under the Windows XP operating system 
using Intel Core 2 Quad Processor Q6600 operating with clock speed of 2.4 GHz and 
16GB of RAM installed. Images in Figures 1 and 2 are rescaled to interval [0,1] and 
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Fig. 3. From left to right: edges of the GM spatial map extracted by Canny's algorithm with a 
threshold set to 0.2 from original PD image, NBE and β-NTF segmented image and β-NTF 
only segmented image  

shown in pseudo-color scale. Probability of substance presence 0 is shown in dark 
blue color and probability of substance presence 1 is shown in dark red color. Except 
rescaling to [0,1] interval no additional post-processing has been done on decomposi-
tion results shown in Figure 2. Binary maps of decomposed images could be easily 
obtained through intensity-based segmentation of decomposed images. α- and β- 
NBE-NTF algorithms extracted all three substances correctly, while NBE-ICA and α- 
and β-NTF algorithms failed to do so. NBE-ICA failed due to the violation of the 
statistical independence assumption. Worse performance of  α- and β-NTF algorithms 
is caused by poorer conditioning of the matrix of concentrations that was caused by 
similarity of concentrations of brain substances. This is demonstrated in Figure 3 
where edge maps extracted by Canny's algorithm with a threshold set to 0.2 are shown 
for GM substance obtained from original PD image, NBE and β-NTF obtained spatial 
map and β-NTF only obtained spatial map. Due to the poor contrast boundary edges 
were completely missed for original PD image, were better detected from β-NTF 
segmented image and even more better from NBE and β-NTF segmented image.  

4   Conclusion 

Following analogy with MSI, MRI of the brain is represented by LMM using Tucker3 
model of the 3D MRI tensor. Matrix of the concentrations of brain substances is iden-
tified as mode-3 array factor of the 3D MRI tensor, while 3D tensor of spatial distri-
butions of the brain substances is obtained through 3-mode tensor product between 
MRI tensor and pseudo-inverse of the mode-3 array factor. Tensor-based representa-
tion of the MRI preserves local spatial structure of the images and yields factorization 
insensitive to statistical dependence among the spatial distributions of the brain sub-
stances present in the MRI. To further improve accuracy of MRI decomposition, the 
MRI tensor is expanded through nonlinear band expansion yielding new MRI tensor 
with 9-bands (as opposed to original 3-band MRI). In relation to original MRI tensor, 
the band-expanded tensor is characterized with mode-3 array factor that is better con-
ditioned which is important for enhancing contrast between brain substances with 
similar concentrations across T1, T2 and PD bands. 
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